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Fig. 1. Film thickness ratio for two immiscible falling films in lam- 
inar flow. 

G2 = 1 + 3cpp/m -t- 3rcp2/m (11) 
The mass flow rates per unit width, r = Cap, are 

and the ratio of the film thickness from Equations ( l o ) ,  
( l l ) ,  and (12) is given by 

‘p3 + 1.5 [ ( n ~ y ) 2 / ~  r-7’3 - v-11 cp2 

- 3 r-zcp - (m7,)r-z = 0 (13) 
Thus, the film thickness ratio is a function of the ratios of 
densities, viscosities, and mass flow rates but not of the 
gravitational force. 

Equation (13) was solved numerically, using a digital 
computer, for a number of combinations of physical prop- 
erties and flow rates. The results are shown in Figure 1. 
For given mass flow rates, the ratio of the film thicknesses 
passes through a maximum at a given density ratio. The 
viscosity ratio contribution reverses with increased density 
ratio. 

Figure 1 or Equation (13) may be used to determine 
the average velocities or the mass flow rates from Equa- 
tions (9) to (12). On the other hand, if the mass flow 
rates are known, one can calculate the individual film 
thicknesses and the average velocities. In addition to the 
above assumptions, the analysis neglects the effects of 
surface tension. 

This analysis was developed in conjunction with a study 
of film-by-film condensation of immiscible liquids. The 
subsequent heat transfer treatment parallels that of 
Nusselt. 
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NOTATION 

g, 
Gi 
m = p1/p2, viscosity ratio 
r = p1/p2, density ratio 
z)i 
x 

Greek Letters 

8i 

rl 
cp 
pi 
pi 

= gravitational force in y direction 
= correction in Equation (9) for component i 

= velocity of component i 
= distance away from wall 

= film thickness component i 
= rl/r2, ratio of mass flow rates 
= mass flow rate per unit width for component i 
= 81/82, film thickness ratio 
= density of component i 
= viscosity of component i 
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In a recent paper ( l ) ,  hereafter referred to as I, it has 
been shown that the Macedo-Litovitz equation ( 2 ) ,  

provides a good description of the effects of temperature 
and pressure on liquid viscosity of simple liquids for 
p 1 2pc, provided that the temperature dependence of 
V, and the density dependence of E ,  are accounted for. 
By arguments analogous to those of Macedo and Litovitz, 
a similar equation may be written for the self-diffusion 
coefficient. 

In this paper we test Equation ( 2 )  for liquids composed 
of monatomic and quasispherical poly a tomic molecules. 
According to Equations ( 1 )  and ( 2 ) ,  V, and E ,  should 
be the same for viscosity and self-diffusion coefficient at 
a particular temperature and density. The quantity V ,  
cvas therefore obtained from Equations ( 3 ) ,  (4 ) ,  and 
(5a) of paper I (assuming n = 12 in the 6, n potential), 
and E ,  was obtained from curve A of Figure 4 in paper I. 
The remaining parameter B, was evaluated by comparing 
experimental data with Equation (2), using the computer. 

Tables 1 and 2 show the data sources and parameters 
for the fluids studied, while Figure L illustrates the 
agreement for methane. Values of e / k ,  Tm,  Vm and V, 
used were those of table 2 in paper I. Uifortunately no 
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u 
11 = repulsion exponent in (6, n )  potential 

I NOTATION 

A, 
B, 
D = self-diffusion coefficient 
E ,  
k = Boltzmann constant 
M = molecular weight 

= pre-exponential factor in viscosity equation 
= pre-exponential factor in self-diffusivity equation 

= activation energy per mole 

I i n/ 

Fig. 1. Test of free volume theory for self-diffusion coefficient of 
T, = melting temperature 
V = molal volume 
V, = critical volume saturated liquid methane. 

measurements of self-diffusivity seem to have been made 
at  constant volume, and there appears to be no data for v, = minimum free volume per mole needed for 
simple fluids at high pressure. Naghizadeh and Rice (3) 
report data for the inert gas liquids for pressures above 
atmospheric, but the pressure range covered is not suffi- 
cient for a significant change in density to occur. Most of 
the data tested in Table 2 are thus for saturated liquids. 

V, = melting volume 

molecular flow to occur 
Vo’ = value of V, when k T / r  = 1 

TABLE 1. DATA SOURCES AND RANGE OF CONDITIONS 

Molal 
Temperature volume range Self-Diff usivity 

hiolecule range ( O K . )  (cc. mole-1) Density reference reference Number of points 

Ar 85-110 28-31 8,9 3,14 16 
Kr 110-160 33-41 10 3 8 
Xe 168-208 43-48 10, l l  3 12 
co 69-78 33-35 10,12 15 4 
CHq 91-145 35-43 10,12 3,16,17 10 
CF4 88-123 45-52 13 17 10 

The average percentage errors of about 15% shown in 
Table 2 are substantially larger than those for viscosity. 
However, the data for self-diffusion coefficients of simple 
liquids are of relatively low accuracy, and discrepancies 
between different workers in excess of this figure are 
common (3, 4). The theories of Eyring (5) , Weymann 
( 6 ) ,  and Cohen and Turnbull (7) give explicit expres- 
sions for B,, and suggest that the group (BoM1/2/V7,11/3) 
may be approximately the same for different molecules. 
Table 2 indicates some fluctuation for this group. How- 
ever the met.hod of fitting B, was not highly sensitive, 
because of the small range of density and temperature 
over which D values have been measured. This behavior 
is similar to that observed for A, in the viscosity equation 
(1). The factors A, and B, may be obtained from a single 
measurement of viscosity and self-diffusion coefficient 
respectively, and Equations (1) and (2)  then used to 
predict the transport coefficients at  other temperatures 
and pressures. 

TABLE 2. PARAMETERS FOR MOLECULES STUDIED 

1 0 5 ~ ~  
( sq* cm. B,M1/2 

Mole- VO’ sec.-1 - . 105 Average 
cule (cc. mole-’) oK.-1/2) Vm1l3 % Error 

Ar 15.50 1.83 3.81 15.3 
Kr 19.02 1.39 3.92 17.8 
Xe 24.55 1.66 5.41 14.3 
co 18.34 3.14 5.17 5.9 
CH4 19.5 2.91 3.55 9.0 
CF4 25.2 0.50 1.31 12.9 

E 

1) = viscosity 
p = density 
pc = critical density 

= energy parameter in (6, n) potential 
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